Error Analysis in
Experimentation

There are always limitations in discovering the "ultimate
reality" about a system that we wish to characterize.

These limitations cause discrepancies between our
experimental result and the "true value" of the quantity of
interest.

The fact is that the true value is defined in statistics as the
mean of the sample population composed of an infinite
number of measurements.

Implication: that any result obtained from a finite set of data
may be in error to some extent.

It is possible to observe a pattern in the observed random
fluctuations of the measurements and they can be
characterized.

There exists a distribution of such measured values and
it can be expressed in a definite mathematical way (Gaussian
distribution).

Experimentation involves observations, measurements, and
analyses.

The quality of the final results, assessed by the reliability of data,
depends on the quality of the measurements and the rigor with
which the data are analyzed.

Central to the critical analysis of experimental data is a
thorough understanding of the sources and the magnitudes of
the errors associated with it.

The sources of error are categorized as systematic and random.

A systematic error arises from a bias that is placed on the
measurement either by the instrument itself or by a consistently
improper method of reading the instrument.

Random errors arise from intrinsic limitations in the sensitivity
of the instrument and in the ability of the user to interpret the
instrument's output.

Many measurements of a quantity are likely to be slightly
different each time the measurement is made.

These fluctuations in the reading would be caused by the

inherent inability of the electronic and mechanical components
of the balance to function absolutely reproducibly.

Accuracy and Precision

An experimental measurement has high precision if the random
errors (fluctuations) are small. Many significant figures are
justified.

A measurement is accurate if there are small systematic errors.
If so there is no intrinsic bias to the measurement, and its value
approaches the true or accepted one.

There is no relationship between accuracy and precision. An
experiment can have small random errors and still give
inaccurate results due to large systematic errors.

An experiment with large random errors may still be accurate
in the sense that the "true" or accepted value lies within the
limits of error reported.



Another type of error is sometimes referred to as a "blunder”,
a mistake. It is often evidenced by way the data point
"sticks out”.

It is considered acceptable to throw this data point out, and
there are rigorous statistical tests that can be applied to justify
this decision.

Systematic errors can also be minimized through proper
instrument calibration and more careful experimental
practices.

Estimating Properties
Mean

If a measurement of some property x of a system is repeated
several times the mean or average value of x, on which
n independent measurements have been made is defined as,
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If the errors associated with the measurements are completely
random in nature, the data distribution follows a Gaussian
distribution and mean is the best estimate of the true value of
the property that can be obtained.

When multiple variables contribute to uncertainty,
the overall variance is the sum of the variances from
each variable.

Yet another type of error, sometimes referred to as a
"model error," is less obvious and potentially more serious
than a blunder.

Model errors can be difficult to detect because it is often
easier to mistrust your data than to question the validity of
the theory that is supposed to be demonstrated by them.

Data are the facts on which science is built, and theories that
do not conform to the facts must be modified or rejected.

Standard Deviation, S S T
distribution | i
9 o f—— 20
O P R
T 2T !;' \
_ : 0214 / “\ 0214
o= populatlon . 001315__..%350 3413 3413 1358 L 00135
standard deviation R R e R 4

X
The sample variance, S2, which is defined as;
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S quantifies the precision/uncertainty/error (dispersion of data

about the mean). For large n and data randomly distributed,
~68% of the data fall within * o units of the mean.

S = sample standard deviation
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Standard Error (Standard Error of the mean) S,

If two series of measurements are made on the same system,
the average value determined from the first series will in all
likelihood be different from the value obtained from the second.

If a large number of these series were performed, the
respective mean values would be symmetrically distributed
about the "true value," and the standard deviation of the

such a distribution is defined as the standard error of the mean
would be given by,
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The precision of the mean can be raised by increasing n.



Confidence Limits

Once S, is determined, confidence limits can be obtained.

The range on both sides of the mean within which the
"true value, p" can be expected to be found for a degree
of "confidence of c%"

The range 3§ is calculated from error/uncertainty 3,
calculated from,
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t = Students t value taken from Students t table.

t depends on confidence level & n

Table 4-2| Values of Student's ¢
v Confidence level (%)
Degrees of freedom 50 a0 95 98 99 99.5 (L X
1 1000 6314 12706 12732 636619
2 0&l6 2920 .30 14089  31.598
3 0765 2 TA453 12524
4 0.741 5.598 Bald
5 0.727 4773 6s6Y
i 0718 4317 5.959
s 0TI 1.R9S 4029 5408
8 0706 1RG0 3E32 5041
9 003 1833 ke 3690 4781
10 0700 1812 2.22% 3581 4547
15 0691 1753 32352 4.073
0 0687 1725 3153 3,850
23 0684 1708 3.725
30 0683 1697 3646
40 681 1684 3.551
1] 0679 1671 3460
1200 77 16SE 2RA0 3373 7
= 16435 2807 3291

Confidence Limits

Within what values would p (the population mean) be,

so that one can be c% confident that p is indeed in that interval?

The confidence limits and interval are calculated using,
m=Xz+d
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Find the value of Student's t from tables relevant to (n-1)
degrees of freedom at desired c% confidence.
n = # replications

confidence limits
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Student’s t Distribution

In practice the replications, n =, and is finite, often n < 20.
The best estimate of true value is still the average, and even
though S and S, can be calculated its usefulness is unclear
because the probability distribution (Gaussian) is unknown.

The distribution function that would apply to limited n (therefore
limited v (=n-1) with an unknown o is the Student’s t distribution

P(v). s,

d:it =c% CL
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A =tyes % = 95% CL

Student’s t distributions P(z) for v=1, 3, 5, ..

Expression of numerical results:

Sample mean £ A (95% Confidence level, n = #)

True mean = p.

Rejection of outliers: Q Test

Quitliers are not always obvious. To reject a suspicious
data point from set of n data points, where there is no
obvious gross error, the Q test is used.

a. Arrange the data in the order of increasing value.
b. Determine the range = (Xyax = Xmin)

c. Find the difference between the data point in question,
and its nearest neighbor. gap = [Xg-X|

gap

d. Calculate the rejection quotient Q y. @S;  Qcarc =m

€ If Qcae < Quapie for the n, accept x, for a given confidence
level, 90% - norm. (> i.e 10% chance it is an outlier).
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Ouitliers, if exists appear at the extremes.

Rejection of outliers: Grubbs Test

Calculate the Grubbs statistic.

questionable value— X
calc — S

Compare G, vs Critical table values for G for n observations

If Geae < Grapies @ccept the questionable value at 95% CL.

Discarding Data

Another method for deciding whether a data point can be
justifiably discarded is to evaluate the mean without the
‘suspect data point'.

Then determine if this point deviates from the mean by

more than four times the average deviation of the other points.

The average deviation is defined as,
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Propagation of (Random) Errors

Once measurements (X, y, z..) are made and estimates of the
uncertainties associated with each of the individual
measurements have been obtained Ax, Ay, Az .., their combined
effect on the quantity of interest, F, must be assessed.

This procedure is known as the propagation of errors.
F=f(xVz.)
Then, oF = 2F ax+ & ay+ % dz+... forinfinitesimal changes
OX oy 0z

:ﬁAx+ﬁAy+g—FAz+... for finite changes
z
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i.e erorinF, AF =e(F) :(Z—Fe(x)+ﬁe(y)+ﬁe(z)+...
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F=f(xV,2.)
_F o9F o9F
e(F)= x e(X)+ o e(y)+ = e(2)+...

Squaring and eliminating the high order terms leads to,
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Assuming uncertainty e(F) = S(F); [e(F)]2 =S*(F)

analogously, S2(F) = (@(j S+ (aaf/j S(y)+ (a J @)+

and A*(F) = (g’;] A (x)+[zl;j A (y)+(g—';] A (2)+..

Only variances are additive, not standard deviations!

Some general examples:

l. ForF=ax*by*cs
| ANF) = d*A%(x) + ANy + SAND)

2, For F = axyz (or axviz or axivz or alxyz),
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!_-'. ...: .‘.‘
3 ForF=ax, > =
A*(F) 3 A%(x) A(F) Alx)
e M g e mm—_ A i m—
i F X
4. For F = ae', AlF
3 T =)
ANF) = ae'A°(x) = —‘!_—- = Afx)
5. FoF=alnx
ANF) = __\.., - A(F) = o 22
X x
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F=c% AYF) = (—*) A3 + (—) Al(y)
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The expression for F is can be such that the functional form
requires care to justify a breakdown of the procedure into
steps.

F =1f(A, B) where A=1(x, x;, ..) and B =1(y;, y,, ..)
with A and B independent.
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If the general approach using the following expression;

AY(F) = (Zi] A <x>+(aij A(y)
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Weget, A%F) = (Q)a’u) + (E)f,i) A%(y)
¥ ;

If the terms A, B, etc.. are not independent the error
calculated in this manner will be incorrect.

e.g. F=a(e™-1) +b(y-cx) =A+B
—

AYA) + A?
AY(B) = H?AY(y) + bPA N (x)

AN F) =

If the general approach using the following expression;

NGE [ Xj A (x)+[2§] A (y)

Would resultin, AX(F) = (ake™ — bc)*A*(x) + B*A(y)



Single measurements:

measurement: number unit

The accuracy of the measurement is limited by the capability
of the measuring instrument.

The last digit of the number of a measurement is a considered
judgment, estimate. (a source of uncertainty).

Estimation in Weighing

b

&

Markings every 1 g Markings every 0.1 g
Estimated reading 1.2 g Estimated reading 1.27 g
L J \ RS R

Better instruments will allow more precise measurements -
better estimates - uncertainty can be minimized but never eliminated.

Significant figures:

measurement - 104.036 m

1
Expressed in v
scientific notation: ~ 104.036 =1.04036x10"  (6)
=0104036x10°
=0.0104036x10*
0 0

pre-exponent exponent

significant figures = non-place-holding digits in a reported
measurement = # of digits in the pre-exponent.

ZEROs of a number are significant in a number if (i) in the
middle of a number (ii) at the end on the rhs of decimal point.

A=log 100
%T
Percant transmittance

Linear scale
¢} 10 20 30 40 50 50 70 80 80 100
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8.4 %
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1.0 0.3

2 ! 0.5 D4 ; 0.2 0.1 0.05 9]

Logarithmic scale Apsorbance 0.235

58.4 means actual value is between 58.0 and 59.0.
0.235 means actual value is between 0.230 and 0.240.

Significant figures:

measurement - 104.036 m
T
ut must
be included in the number

The uncertain position in the number limits the number of
digits in a measurement, hence the need for the definition of
significant figures.

1) All non-zero digits are significant
1.5 has 2 sig. figs.
2) Interior zeros are significant
1.05 has 3 sig. figs.
3) Leading zeros are NOT significant
0.001050 has 4 sig. figs.
1.050 x 102 has 4 sig. figs.
4) Trailing zeros may or may not be significant
i. Trailing zeros after a decimal point are significant
1.050 has 4 sig. figs.

ii. Zeros at the end of a number without a written decimal
point are ambiguous and should be avoided by using
scientific notation

if 150 has 2 sig. figs. then 1.5 x 102
but if 150 has 3 sig. figs. then 1.50 x 102



ALL DIGITS OF A MEASUREMENT INCLUDING THE
UNCERTAIN ONE are called SIGNIFICANT FIGURES.

Or

Significant figures is the proper number of digits in the
number.

a. addition and subtraction:
i. add numbers

12.0| ii. round off at the proper decimal
3.0045 place
61.830452 Result has decimal places same

as the # with the least decimals

76.834952 (calculator

76.8b4952 (roundoff); 76.8 Express all numbers
with same exponent
1.632x10° 1.632 x10°
4.107x103 0.04107x10°
0.934x10° 9.3 x10°
11.51307x10° 11.51x10°

Rounding Off:
Look at the left most digit to be dropped

<5, no change of retained digit
>5, increase retained digit by 1
=5, increase retained digit as is, if it is odd<—

69.5inx Y9 1M 1 765321466m =1.76m
36in  1.0936yd

Exact numbers have an unlimited number of significant figures
(meaning there are no uncertainties — do not worry about it’s
sig. figs.).

A number (e.g. integers) whose value is known with complete
certainty (exactly) are

a. integral powers of 10
b. numbers from counting individual objects (integers)

¢. numbers from definitions and defined constants

1cm =0.01 m; c =299792458 m s (vacuum)
http://physics.nist.gov/cuu/Constants/

and d. integer values (in equations)

diameter of a circle
2

A\

radius of a circle =

b. multiplication and division:

Integers and
powers of 10

Result has the same # sig. fig. as the #
with the least # sig. fig.

413600%0.02328x 122123
X = 10007 ;100
3.4842
x = 3.374876 =3.375 (note rounding off)

i. perform the calculation
ii. round off at the proper decimal
place

c. logarithms: log 25.158 = 1.40070 (6)
T 1
characteristic mantissa

mantissa has the same # sig.fig. as that of the number.
round off at the correct position.

d. antilogs:
will carry sig. figs. equal to the number of digits in the mantissa.

antilog (1.4007)=25.16  (4)
71 round off such
that it contains same #
sig. fig. as mantissa

e.y=Vx yhas same # sig. figs. as x

has no uncertainty



Arithmetic operations:

The precision of a calculated result is determined by the
number with the lowest precision.

a. addition and subtraction:

Result has decimal places same as the # with the least
decimals.

b. multiplication and division:

Result has the same # sig. fig. as the # with the least # sig. fig.

Disregard the uncertainty of integers and powers of 10,
because they are exact.

b. multiplication & division

y= Patald or y=ki or ...
axa,
first calculatey and the relative errors,
Calculatey in the

usua manner.

5=\/ Gy (e Sy
Do not round or y a &, 3

adjust for sig. figs.

until s is calculated. {5:\/(%% (24 (Ss)zxy]
a & 8

(same approach for o), the significant figure of the final
result must be consistent with uncertainty.

c. logarithms: log 25.158 = 1.40070 (6)
T
characteristic mantissa

mantissa has the same # sig.fig. as that of the number.
round off at the correct position.

d. antilogs:
will carry sig. figs. equal to the number of digits in the mantissa.

antilog (1.4007)=25.16  (4)
1 round off such
that it contains same #
sig. fig. as mantissa

e.y=\x yhas same # sig. figs. as x

Std. deviation of computed results, propagation of errors:

a. addition & subtraction

y=(ka, +k,a,—kya,) or
y=(ka +k,a,+ka,) or..

Calculatey in the usual manner.
Do not round or adjust for sig. figs.
until s is calculated.

s=4/(ks)? + (k8" + (ks,)’

(same approach for o, use o in place of s)

Rounding Off:
Look at the left most digit to be dropped
<5, no change of retained digit

>5, increase retained digit by 1
=5, increase retained digit by 1, if it is odd <—

69.5in x M x _im 1.766321466m =1.77m
36in  1.0936yd

|‘/Table 2-2| Tolerances of Class A

§ burets
: Buret Smallest
; volume graduation / Tolerance
Y (mL)  (mL) mL)
5 0.01 +0.01

10 0.050r0.02 =£0.02

25 0.1 +0.03
— 50 0.1 +0.05

100 0.2 +0.10




|"Tahle 2-3| Tolerances of Class A

volumetric Nasks
Flusk

i
FE capacily Tolerance

{mL} (mL}y

L | *0.02

2 L2

5 *(102

1L +0L02

25 RalRis}

0 *0.05

100 RVRVH

200 =0, 10}

— 150 *(h12

00 10,20

1 (K0 *(1.30)

200 .50

(Table 2-5| Manufacturer’s tolerances for micropipets

At 10% of pipet volume At 100% of pipet volume
Pipet volume
(pL) Accuracy (%) Precision (%) Accuracy (%) Precision (%)
Adjustable pipets
0.2-2 et ] +4 L2 *0.6
1-10 125 picl s =0.8 =04
2.5-25 *+4.5 =15 +0.8 0.2
10-100 *1.8 =07 =06 =015
30-300 +1.2 +0.4 +0.4 *+0.15
100-1 000 1.6 =05 =03 =0.12
Fixved pipety
1] 0.8 +0.4
25 +0.8 +0.3
100 *0.5 +0.2
500 0.4 0,18
1 000 +0.3 +0.12

soawer: Data from Hamilton Co., Rer, NV,

Estimating uncertainty of a single measurement

Sometimes the uncertainty is not expressed explicitly, for a
single measurement. Then the error is considered to be at the
last digit (or last two digits) of the significant digits of the
measurement given. Uncertainty has one significant digit, usually.
The number of decimals of both value and error are same.

e.g. a single measurement like 1.047m has an uncertainty
of £ 0.001 m.

R =8.3144621 £ 0.0000075 JK-mol? (best available, n large)
R =8.3145+0.0001 JK*mol*

Unit conversion relations are not considered in significant
digit assignments.  http://www.onlineconversion.com/
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Digital display On-zero button
Set data-hold button

Significant figures of a calculated result is determined by the
first non zero digit of the uncertainty (o or s) associated with it.
Calculate the uncertainty first before deciding on the significant
figures of the final computed value. Both the computed result
and the uncertainty must be consistent in terms of the number

of digits beyond the decimal point. J
o 0002364£0000003_ 5906, 00002 3
0.02500+ 0.00005
4 0.002664 + 0.000003 — 01066+ 0.0002 4
0.02500+ 0.00005

0821+0.002 —1.02£J_r o.ool, 4

0.803+0.002



